Abstracl-An important topic of rough set theory is the approximation of undefinable sets or concepts through deEnahle sets It involves the construction of a system of definable sets and the definition of approximation operators. In this paper, the notion of rough set approximations is introduced into formal concept analysis. Approximation operators are defined based on both lattice-theoretic and set-theoretic operators. The results provide a better understanding of data analysis using rough set theory and formal concept analysis.
I. INTRODUCTION
An underlying notion of rough set theory is the indiscemibility of objects [SI, [9] . By modelling indiscemihility as an equivalence relation, one can partition a finite universe of objects into pair-wise disjoint subsets. The partition provides a granulated view of the universe. An equivalence class is considered as a whole, instead of many individuals. In other words, one can only ohserve, measure, or characterize equivalence classes. The empty set, equivalence classes and unions of equivalence classes form a system of definable subsets under indiscemihility. All subsets not in the system are consequently approximated through definable sets.
Formal concept analysis is developed based on a formal context, which is a binary relation between a set of objects and a set of attributes or properties. From a formal context, one can construct (objects, properties) pairs known as the formal concepts [4], [ l l ] . The set of objects is referred to as the extension, and the set of properties as the intension, of a formal concept. They uniquely determine each other. The family of all formal concepts is a complete lattice. The extension of a formal concept can he viewed a definable set of objects, although in a sense different from that of rough set theory [16] , [17] .
A comparative examination of rough set theory and formal concept analysis shows that each of them deals with a particular type of definability. The common notion of definability links the two theories together. One can immediately adopt ideas from each other [16] , [17] . The notions of formal concept and formal concept lattice can be introduced into rough set theory by considering different types of formal concepts [17] . Rough set approximation operators can be introduced into formal concept analysis by considering a different type of definability [5]. The combination of the two theory would produce new tools for data analysis.
Two types of formulations have been suggested by some authors for introducing concept approximations into formal 73 concept analysis. One is the introduction of an equivalence relation on the set of objects and/or the set of properties Saquer and Deogun studied approximations of a set of objects, a set of properties, and a pair of a set of objects and a set of properties, based on the system of formal concepts in the concept lattice [IO] . For example, given a set of objects, they attempted to approximate it by formal concepts whose extensions approximate the set. An equivalence relation is introduced on the set of objects from a formal context, which leads to rough set approximations. However, their formulation is slightly flawed and fails to achieve such a goal. An equivalence class is not necessarily the extension of a formal concept. The union of extensions of a family of formal concepts may not he the extension of a formal concept. Consequently, as pointed out by Hu er al. [5] , the approximations defined by Saquer and Deogun may not necessarily he formal concepts.
Hu er al. suggested an alternative formulation to ensure that approximations are indeed formal concepts [5] . Instead of defining an equivalence relation, they defined a partial order on the set of objects. For an object, its principal filter, which is the set of objects "greater than or equal to" the object and is called the partial class by Hu et al., is the extension of a formal concept. The family of all principal filters is the set of join-irreducible elements of the concept lattice. Similarly, a partial order relation can be defined on the set of properties. The family of meet-irreducible elements of the concept lattice can he constructed. However, their definition of lower approximation based on the union of extensions of formal concept has the same shortcoming of Saquer and Deogun's definition [IO] .
Based on the common notion of definability and the results from the above studies, we propose a framework to examine the issues of rough set approximations within formal concept analysis. We concentrate on the interpretations and formulations of various notions, instead of efficient algorithms for constructing approximations. It is shown that the problem with existing studies can be easily solved by a clear separation of two systems, the formal concept lattice and tbe system of extensions of formal concepts. The two systems give rise to two different types of approximations. the power set of U. By extending the definability of equivalence classes, we assume that a union of some equivalence classes is also definable. The family of definable subsets contains the empty set 0 and is closed under set complement, intersection, and union. It is an o-algebra whose basis is U / E . Let o ( U / E ) C 2' denote the subsystem of definable sets of objects.
A subset of objects not in o(U/E) is said to be undefinable. An undefinable set must be approximated from below and above by a pair of definable sets.
Definition 1:
In an approximation space apr = (U, E ) , a pair of approximation operators, apr, w : 2 ' -2' , are defined by:
The lower approximation apr(A) E o ( U / E ) is the greatest definable set contained in ATand the upwr avvroximation following properties: for two sets of objects A and B, (i).
-apr(A) = (@+=(Ac))',
(ii).
a p r ( A n B ) =apr(A)napr(B), W ( A U B ) = W ( A ) U W ( B ) ;
(iii).
-apr(A) A W ( A ) ;
W ( A ) = (apr(AC))C;
(iv).
--apr(apr(A)) ==(A), 
That is, the lower approximation is the union of equivalence classes that are subsets of A, and the upper approximation is the union of equivalence classes that have a non-empty intersection with A.
As shown by the following theorem, the approximation operators truthfully reflect our intuitive understanding of the notion of definability. Let U and V be any two finite sets. Elements of U are called objects, and elements of V are called properties. The relationships between objects and properties are described by a binary relation R between U and V , which is a subset of the Cartesian product U x V . For a pair of elements z E U and y E V , if (z, y) E R , written as xRy, z has the property y, or the property y is possessed by object z. The triplet (U, V, R ) is called a formal context.
Based on the binary relation, we associate a set of properties to an object. An object x E U has the set of properties:
Similarly, a property y is possessed by the set of objects:
By extending these notations, we can establish relationships between subsets of objects and subsets of properties. This leads to two operators, one from 2" to 2" and the other from Zv to 2". Definition 3: Suppose (U, V, R ) is a formal context. For a subset of objects, we associate it with a set of properties:
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For a subset of properties, we associate it with a set of objects: That is, the set of objects X is defined based on the set of properties Y , and vice versa. This type of definability leads to the introduction of the notion of formal concepts. For a set of objects X , X * is the maximal set of properties shared by all objects in X . For a set of properties Y , Y' is the maximal set of objects that have all properties in Y .
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The operators * have the follow& -properties: for A more general (specific) concept is characterized by a larger (smaller) subset of objects that share a smaller (larger) subset of properties.
The lattice-theoretic operators of meet (A) and join (V) of the concept lattice are defined based on the set-theoretic operators of intersection (n) and union (U). However, they are not the same. An intersection of extensions (intensions) of a family of formal concepts is the extension (intension) of a formal concept. A union of extensions (intensions) of 75 a family of formal concepts is not necessarily the extension (intension) of a formal concept. Given two formal concepts, one can find the extension of their meet by the set intersection of their extensions, and the intension of their join by the set intersection of their intensions. One cannot find directly the intension of their meet and the extension of their join by simply applying set-theoretic operators.
Exumple I :
The ideas of formal concept analysis can be illustrated by an example. Table I gives a formal context and Figure 1 gives the corresponding concept lattice. Consider two formal concepts ({3,6}, {a, b, c } ) and ({5,6,7,8}, {a,d)). Their meet is the formal concept: The intersection of extensions of two concepts is the extension of their meet, and the intersection of the intensions is the intension of their join. On the other hand, the union of extensions of the two concepts is {3,5,6,7,8}, which is not the extension of any formal concept. The union of the intensions is {a, b, c, d } , which is not the intension of any formal concept.
Iv. APPROXIMATIONS IN FORMAL CONCEPT ANALYSIS
A formal concept consists of a definable set of objects and a definable set of properties. The concept lattice is the family of all such definable concepts. Given an arbitrary set of objects, it may not be the extension of a formal concept. The set can therefore be viewed as an undefinable set of objects. Following the theory of rough sets, such a set of objects can be approximated by definable sets of objects, namely, the extensions of formal concepts. In this section, two methods of approximations are discussed by using the subsystem based formulation of rough set theory. The concept lattice is used as the system of operators do not satisfy property (ii). They only satisfy a week version known as monotonicity with respect to set inclusion:
A. Appmximations based on lattice-theoretic operators
By property (2). for a family of concepts (Xt,Yt), we have U , , , ? C (UtETXt)**. Thus, although X , C A for all t E T , it may happen that A C &(A). That is, the lower approximation of A may not he a subset of A. With respect to property (iii), we have a weaker version: 
=(A)
= A**.
The idea of approximating a set of objects can he used to define operators that approximate a set of properties.
Definition 8: For a subset of properties B C V , its lower and upper approximations are defined by:
The lower approximation of a set of properties B is the intension of the formal concept ((lapr(B) )*, lapr(B)), and the upper approximation is the intension of theorma1 concept ( (&@(B))', &G( B ) ) .
-

B. Appmximatiom based on set-theoretic operators
By comparing with the standard rough set approximations, one can observe two problems of the approximation operators defined based on lattice-theoretic operators. The loww approximation of a set of objects A is not necessary a subset of A. Although a set of objects A is undefinable, i.e., A is not the extension of a formal concept, its lower and upper approximations may be the same. In order to avoid these shortcomings, we present another formulation by using settheoretic operators.
The extension of a formal concept is a definable set of objects. A system of definable sets can be derived f" a concept lattice.
Definition 9: For a formal concept lattice L, the family of all extensions is given by:
The system E X ( L ) contains the empty set 0, the entire set U , and is closed under intersection. Thus, it is a closure system [I]. Although one can define the upper approximation by extending Definition 1, one can not define the lower approximation. Nevertheless, one can still keep the intuitive interpretations of lower and upper approximations. That is, the lower approximation is a largest set in E X ( L ) that is contained in A, and the upper approximation is a smallest set in E X ( L ) that contains A. In this case, while the smallest set containing A is unique, the largest set contained in A is I1 no longer unique.
Dejinition 10: For a subset of objects A L U, its upper approximation is defined by:
-(A) = n i x I x E E X ( L ) , A c xi, (15) and its lower approximation is a family of sets:
The upper approximation sapr(A) is in fact the same as lapr(A), namely, Sapr(A) = =(A). However, the lower approximation is different. An important feature is that a set can be approximated from below by several definable sets of objects. In general, for A' E -sapr(A), we have A' C In the new formulation, we resolve the difficulties with the approximation operators lapr and G. The lower approximation 9 offers more insights into the notion of approximations. In some situations, the union of a family of definable sets is not necessarily a definable set. It may not be reasonable to insist on a unique approximation. The approximation of a set by a family of set may provide a better characterization of the set.
V. CONCLUSION
One of the issues studied in rough set theory is the approximation of undefinable sets through definable sets. Typically, the familv of definable sets is a subsystem of the Dower set of The notion of approximations can be introduced naturally into formal concept analysis.
Formal concepts in a formal concept lattice correspond to definable sets. Two types of approximation operators are examined, one is based on lattice-theoretic operators and the other is based on set-theoretic operators. Their properties are investigated. A distinguishing feature of the lower approximation defined by set-theoretic operators is that a set is approximated from below by a family of sets, instead of a unique set as in the standard rough set theory.
The theory of rough sets and formal concept analysis c a p ture different aspects of data. The introduction of the notion of approximations into formal concept analysis combines the two theories, wbicb improves our understanding of data and produces new tools for data analysis.
The derivation operators * is an example of modal-style operators [2] 
